After the discovery of a Higgs boson in 2012 at the CERN Large Hadron Collider (LHC) the detailed study of its properties, and most importantly its couplings to other particles, has started. This is a very important task to be completed, in particular to test whether it is indeed the Higgs boson predicted by the Standard Model (SM). The precise study of the Higgs couplings to gauge bosons is of particular importance and requires as much information as possible. In this view this paper provides the next-to-leading order (NLO) QCD corrections to the production cross sections and differential distributions of a SM Higgs boson in association with a pair of weak bosons W + W − , W ± Z and ZZ, matched with parton shower (PS) in the POWHEG-BOX framework. The NLO QCD corrections are found to be significant and PS effects are sizable at low pT in the jet differential distributions, as expected, while these effects are negligible in other distributions. We will also provide a detailed study of the theoretical uncertainties affecting the total production rates at the LHC and at the Future Circular Collider in hadron-hadron mode, the potential 100 TeV follow-up of the LHC machine: the scale uncertainty calculated by the variation of the renormalization and factorization scales, the parton distribution function and related αs errors as well as the parametric uncertainties on the input weak boson masses.
I. INTRODUCTION
The discovery of a Higgs boson with a mass of around 125 GeV is the big highlight of Run I of the Large Hadron Collider (LHC) at CERN [1, 2] . The Higgs boson is the remnant of the electroweak symmetry-breaking (EWSB) mechanism [3] [4] [5] [6] that gives the masses to the other fundamental particles and unitarizes the scattering of weak bosons. Since the discovery the measured signal strengths have agreed with the expectations from the Standard Model (SM) [7] [8] [9] even if the experimental uncertainties still leave (a small) room for more exotic scenarios [10, 11] . In order to pin down the potential new physics aspects it is then of utmost importance to develop the most exhaustive survey of the possible production channels and decay branching fractions for the Higgs boson in the SM to further add to the Higgs coupling measurements. In this view the production of a Higgs boson in association with a pair of weak gauge bosons [12] [13] [14] [15] can be used to probe the Higgs gauge couplings [16] that is also directly related to the triple gauge boson vertex [17] . Given the size of the production cross sections the measurement of this associated production will be of interest not for the LHC Run II, but for the high-luminosity LHC and the Future Circular Collider in hadron-hadron mode (FCC-hh) [18] , the potential machine that would follow the LHC with an energy of 100 TeV. In particular the channel pp → HW + W − → bbW + W − has a cross section at the 14 TeV LHC that is * julien.baglio@uni-tuebingen.de 50% larger than the corresponding cross section for the HH channel pp → HH → bbW + W − , the latter being already considered by the LHC experiments for the highluminosity LHC run [19] . This leaves room for further phenomenological studies for the associated production of a Higgs boson with a pair of weak bosons.
In the past few years the calculation of the next-toleading order (NLO) QCD corrections to various SM H + V V processes at the LHC have been completed: HW + W − production [20] , HW ± Z production [21] and the associated production with a massive gauge boson W/Z and a photon [22, 23] . The calculation of the NLO corrections to the HZZ production cross section is still missing. The purpose of this paper is not only to fill this gap by calculating the NLO QCD corrections to HZZ production but also to provide for the production channels involving massive weak bosons, for the first time, the matching with parton shower (PS) in the POWHEG-BOX framework [24, 25] . It will be shown that the hierarchy W W : W Z : ZZ (with ratio 7:3:1) observed in the production of pairs of massive weak bosons [26] remains in the associated production of these pairs with a Higgs boson, albeit with the different ratio 4:2:1. One particular difference is the hierarchy between the HW + Z and HZZ cross sections that is inverted at low center-of-mass (c.m.) energies compared to the hierarchy between the W + Z and ZZ channels.
The detailed study of the theoretical uncertainties affecting the calculation of the total cross sections is also presented both for the LHC and the FCC-hh. These uncertainties include the scale uncertainty stemming from the variation of the renormalization and the factorization arXiv:1512.05787v2 [hep-ph] 16 Feb 2016 scales; the uncertainty related to the parton distribution function (PDF) and the associated error on the determination of the strong coupling constant α s . The uncertainties related to the experimental errors on the W and Z masses are found to be negligible. This paper is organized as follows. In Section II the details of the calculational method are presented for the three production channels. Section III presents the numerical results for the differential distributions and the discussion of the impact of PS effects. Section IV is devoted to the study of the total rates at the LHC and at the FCC-hh including the theoretical uncertainties. A short conclusion is given in Section V.
II. DETAILS OF THE CALCULATION
A. Leading Order→ HV V Partonic Subprocesses
In this paper the production of on-shell massive weak bosons in association with a SM Higgs boson at a protonproton collider is considered. The contributions from the third-generation quarks in the initial state are excluded, nevertheless the running of the strong coupling constant α s will be done with five active massless flavors. The calculation is done in the 't Hooft-Feynman gauge. The main mechanisms to produce a pair of weak bosons in association with a Higgs boson at leading order (LO) proceed via quark-antiquark annihilations and are depicted in Fig. 1 . In the case of HW + W − and HZZ processes we have at partonic level
where only diagonal Cabibbo-Kobayashi-Maskawa (CKM) matrix elements are used for HW + W − process as the nondiagonal corrections are negligible. In the case of HW ± Z processes we have this time all possible CKM combinations with four flavors, q +q → HW ± Z (qq = ud, us, cd, cs; dū, sū, dc, sc).
Diagrams involving a Yukawa coupling between a light quark and a Higgs boson are discarded. The LO hadronic cross section is defined as
where q andq are the PDFs of the first-and secondgeneration quarks in the proton at the momentum fraction x and factorization scale µ F , andσ→HV V is the LO partonic cross section.
In the following we will describe the method and the tools used for the calculation of the NLO QCD corrections. We want to stress at this point that two types of higher-order corrections for the HW + W − process have been studied in the literature: the NLO QCD corrections for the quark-antiquark annihilation processes and the one-loop gluon fusion contribution gg → HW + W − , the latter leading to a correction of +4.5% at M H = 120 GeV [20] . Together with the corresponding contribution for the HZZ channel that is still yet to be calculated, gg → HZZ, these gluon fusion contributions are α 2 s -order corrections and thus next-to-next-to-leading order (NNLO) contributions to the whole hadronic processes. We do not include this type of contributions in this paper as we want to do a consistent analysis at NLO QCD including PS effects. Including these NNLO corrections requires a careful matching in the differential distributions that is left to be studied in a future paper.
B. NLO qq → HV V + X Corrections
The NLO QCD corrections to the quark-antiquark annihilation partonic processes proceed via virtual one-loop corrections and real corrections with one extra parton in the final state. There are two types of real corrections: gluon-quark-radiated processes→ HV V g where the gluon is radiated off an initial (anti)quark, and gluonquark-induced processes qg → HV V q where the gluon splits into two quarks leading to a quark-antiquark annihilation process. The virtual corrections are regularized with a dimensional regularization scheme both for the ultraviolet (UV) and infrared (IR) divergences. The generic one-loop diagrams contain triangle, self-energy and box diagrams including a virtual gluon as well as tree-level diagrams involving counterterms and are generated with FeynArts-3.7 [27] . The one-loop amplitudes are calculated with FormCalc-7.5 [28] and the scalar integrals [29] are implemented with LoopTools-2.12 [28, 30] . After the on-shell renormalization of the quark wave functions as well as the CKM matrix elements (when needed) has been performed we are still left with soft and collinear IR divergences.
Our calculation is implemented in the framework of the POWHEG-BOX [25] . We make use of the build tool based on MadGraph 4 [31] [32] [33] , that was first applied in Ref. [34] and is now routinely used and provided with the public distribution of the POWHEG-BOX, in order to generate the Born, the color-and spin-correlated Born and the realemission amplitudes in a format that can easily be processed. The spin-and color-correlated Born amplitudes are needed for the construction of the counterterms for IR singular configurations in the framework of the FrixioneKunszt-Signer (FKS) subtraction formalism [35] that is implemented in the POWHEG-BOX. The subtracted virtual and real contributions are then separately IR finite up to leftover collinear singularities that are absorbed into the quark PDFs. For the parametrization of the phase space, we adapt the implementation of Ref. [36] that was developed for the case of ttH production at the LHC in the POWHEG-BOX. This offers the possibility to mimic the effect of the Higgs width with a smearing of the Higgs four-momentum.
Our calculation has been cross-checked in two ways: by checking that in the collinear limit the contributions from the singular real emission and the subtracting FKS counterterms are equal, and by comparing with the results available in the literature for the HW ± Z process [21] and for the HW + W − process [20] . Adapting the calculation to the framework of Ref. [21] which only uses the first-generation quarks, a good agreement has been found at NLO with the W charge asymmetry given in their paper. In the case of pp →→ HW + W − cross section, the framework of Ref. [20] uses only the uū and dd partonic subprocesses at NLO, while using all four flavors at Born level. A very good agreement has been found with their results provided that we adapt our calculation to their framework. Note that the authors of Ref. [20] discarded the NLO contributions from cc and ss partonic subprocesses, arguing that the respective LO contributions are already only a bit less than ∼ 10% of the full LO hadronic cross section, hence the putative NLO contributions would be negligible. However we find that these NLO corrections are of the order of 4% as they follow the same pattern as the dominant uū + dd contributions, that is a +40% increase over the LO cross section. This is of the same order as the gluon fusion contribution they include in their analysis of the higher order contributions. We feel that if one wants to add higherorder terms that go beyond NLO, e.g. NNLO terms, one should also include all the lower order corrections that have at least the same effects as these new NNLO terms.
III. DIFFERENTIAL CROSS SECTIONS AND PARTON SHOWER EFFECTS
We present in this section the differential distributions, focusing on the Higgs transverse momentum p T,H , the weak boson pair invariant mass M V V and the jet transverse momentum p T,j histograms, where V /V stands for one of the weak bosons. The setup of the calculation is defined in Sec. III A and will be used for the distributions as well as for the study of the uncertainties affecting the total rates presented in Sec. IV. Parton shower effects, in particular in the p T,j distributions, will be discussed.
A. Setup of The Calculation
We follow the LHC Higgs Cross Section Working Group [37] recommendation and use the following set of input parameters,
where all but M H is taken from Ref. [38] . The CKM matrix is assumed to be diagonal except in HW ± Z channels where the numerical values for the CKM matrix elements are taken from Ref. [38] . The masses of the light quarks are approximated as zero. This is justified by the insensitiveness of the results to those masses. The parametric uncertainties on the input parameters will be discussed in Sec. IV when presenting the results on total rates. Following the latest PDF4LHC Recommendation [39] we use
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In the main frame: W ± Z pair invariant mass M W ± Z (in GeV) distribution of the pp → HW ± Z cross section (in fb/GeV) at the 14 TeV LHC (left) and at the 100 TeV FCC-hh (right) calculated with the PDF4LHC15 nlo PDF set and with the input parameters given in Eq. (4). The predictions for the W + Z channel are in blue, the predictions for the W − Z channel are in red. With thin dotted lines: LO predictions; with dashed lines: NLO predictions; with dotted line: NLO predictions including PS effects. In the insert are displayed the NLO and NLO+PS K-factors relative to the LO predictions.
in the LHAPDF6 framework [40] the NLO PDF set family PDF4LHC15 nlo which combines in a consistent statistical framework the three global sets CT14 [41] , MMHT14 [42] and NNPDF3.0 [43] . We use FastJet for the parton shower [44, 45] . The central scale choice is defined as the invariant Higgs+2 weak boson mass. More specifically we will use µ R = µ F = µ 0 with
In order to quantify the importance of the NLO QCD corrections we have first calculated the total cross sections at the central scales given above before studying the differential distributions. We have found that they are significant in all channels. They lead to an increase of the HW ± Z cross sections by ∼ +43% at LHC energies and ∼ +55% at the FCC-hh at 100 TeV, similar to what has been observed earlier in the literature in the case of the LHC, albeit with a different central scale choice of [21] . The increase is more moderate in the case of the HW + W − cross section with a ∼ +27% over the whole c.m. energy range and even more reduced in the case of the HZZ cross section where the increase is ∼ +23% at 13 TeV and down to ∼ +17% at 100 TeV. 
B. V V Invariant Mass and Higgs Transverse Momentum Distributions
We start the analysis by looking at the distributions of the invariant mass of the weak boson pairs M V V where
We study the case of the 14 TeV LHC and the case of the 100 TeV FCC-hh collider. The M W + W − distribution in the HW + W − channel is displayed in Fig. 2 , the M W ± Z distributions in the HW ± W − channel are displayed in Fig. 3 and the M ZZ distribution in the HZZ channel is displayed in Fig. 4 . We display the LO distributions in blue (thin dotted), the NLO fixed-order distributions in red (dashed) and the NLO+PS results in green (dotted). The inserts show the K-factors with respect to the LO predictions, the latter being calculated with an NLO PDF set (no LO PDF set exists in the PDF4LHC15 family) but using a LO evolution for the splitting functions with a LO α S evolution. The two Z bosons in pp → HZZ are p T ordered.
The shapes are the same at 14 TeV and 100 TeV in all channels. The NLO effects are nearly overall rescaling factors as the K-factors only rise very mildly and linearly, from K ∼ 1.2 to K ∼ 1.3 at 14 TeV (to K ∼ 1.4 at 100 TeV) in the case of the M W + W − and M ZZ distributions. The distributions for the HW ± Z channels display a slightly different behavior, the K-factors being flat for M W ± Z ≥ 200 GeV with K ∼ 1.5, after a peak at the W ± Z threshold. We should also stress that these distributions show no additional effects from the shower on top of the NLO QCD corrections.
We also display the Higgs transverse momentum distributions, in for the HW ± Z channels and in Fig. 7 for the HZZ channel. The color code and the inserts follow the same conventions described in the case of the invariant mass distributions. Going from 14 TeV to 100 TeV changes nearly nothing in the HW + W − and HZZ channels as far as the K-factors are concerned and the PS effects are again negligible. The K-factor reaches 1.5 at 100 TeV at p T,H = 250 GeV in the HW + W − channel. The increase in the K-factor is even smaller in the HZZ channel with K ∼ 1.3 at 100 TeV. In contrast, the HW ± Z channels display a strong dependence on the K-factors with respect to the Higgs transverse momentum. The increase is again linear but steeper, especially at 100 TeV where K ∼ 1.3 at low p T to reach more than 2 at p T,H = 250 GeV. Again the PS effects are negligible and the two channels HW + Z and HW − Z display an identical behavior.
C. Jet Transverse Momentum Distributions
In order to investigate the impact of the PS effects we display the jet transverse momentum distribution in Fig. 8 for the HW + W − channel, in Fig. 9 for the HW ± Z channels and in Fig. 10 for the HZZ channel. We display the NLO and the NLO+PS distributions and the insert shows the ratio between the two predictions, to clearly emphasize the PS effects. It is clear that the fixed-order results do not properly account for the behavior at low p T , and this is where the PS effects are sizable. The NLO+PS distributions display the correct behavior thanks to the resummation of soft gluon effects. Going from 14 TeV to 100 TeV leads to K-factors reaching 1 at high p T while these are slightly larger at 14 TeV. This means the fixed-order NLO results are much closer to the NLO+PS results at 100 TeV than at 14 TeV for high values of the jet transverse momentum.
IV. TOTAL CROSS SECTIONS AT THE LHC AND AT THE FCC-HH INCLUDING THEORETICAL UNCERTAINTIES
The total rates are affected by several uncertainties that we will study in this last section. We will consider three sources of uncertainties: the scale uncertainty which can be roughly viewed as an estimate of the missing higher-order terms in the perturbative calculation, the uncertainty related to the parton distribution functions and the fitted value of the strong coupling constant α s (M 2 Z ) and the parametric uncertainties related to the experimental errors on W and Z masses, M W = (80.385 ± 0.015) GeV and M Z = (91.1876 ± 0.0021) GeV as given by Ref. [38] .
As far as the parametric uncertainties on the input masses are concerned, it has been checked that they do not exceed more than ±0.1% at all c.m. energies in all channels. These errors will then be ignored in the following and in particular in the final combination of all the uncertainties.
We use the same parameter setup as in Section III and our chosen PDF set is PDF4LHC15 nlo 30 pdfas that uses for the strong coupling constant α s (M 2 Z ) = 0.1180 ± 0.0015. We recall that the running of α s is evaluated at NLO.
A. Scale Uncertainty
As the calculation is done in the perturbative framework, the theoretical cross sections depend on two unphysical scales: the renormalization scale µ R that comes from the running of α s , and the factorization scale µ F that comes from the convolution of the perturbative partonic cross sections with the nonperturbative parton distribution functions. The variation of the cross sections with respect to these two scales gives the confidence of the prediction calculated with a given central scale. This is often viewed as an estimate of the missing higher-order corrections even if this interpretation should be taken with care [46] . We choose the interval
where µ 0 is the central scale for the process under study and has been defined in Eq. (5).
As can be seen in Fig. 11 , the scale uncertainty is small in the different gauge boson pair production channels: we obtain ∼ +2%/ − 1.5% at 13 TeV in HW + W − and HZZ channels, a bit more in HW ± Z channels with ∼ +3.5%/ − 3% at 13 TeV. It then increases at 100 TeV to reach ∼ +4%/−5% in HW + W − channel and ∼ +5%/− 6% in HW ± Z channels, slightly less in HZZ channel with ∼ +3%/ − 4%. 
B. PDF+αs Uncertainty
The other source of theoretical uncertainty that is considered in this calculation stems from the parametrization of the parton distribution functions (PDF). The calculation of an hadronic cross section can be separated into two parts: the hard cross section is calculated at the parton level in a perturbative framework, and the result is then convoluted at the factorization scale µ F with the nonperturbative PDFs that describe the probability of extracting from the proton a given parton with a mo-mentum fraction x of the initial proton. The PDFs are the result of a fit on experimental data sets, leading to an uncertainty on the calculated cross section.
There exist numerous sets on the market, some of which including now jet data from the LHC Run 1. There have been many improvements in the last years towards a more unified approach resulting in the 2015 PDF4LHC Recommendation [39] . The current prescription is to use one of the combined sets resulting from a consistent statistical treatment of the three global sets CT14 [41] , MMHT14 [42] and NNPDF3.0 [43] , following the work of Ref. [47] . We use the Hessian version of this combined set at NLO with 30 error sets, PDF4LHC15 nlo 30, in order to calculate the uncertainties due to the PDFs [48, 49] . We start by calculating the central prediction σ 0 with the central PDF set, and then the 30 different cross sections σ k using the 30 error sets of PDF4LHC15 nlo 30, k = 1...30. The 68%CL PDF uncertainty is calculated using the following formula [39] ,
The PDF uncertainty is thus symmetric. In addition to this PDF uncertainty there exists an uncertainty related to the determination of the strong coupling constant α s . In the PDF4LHC15 sets the current value of the strong coupling constant and of its associated uncertainty are that of the Particle Data Group [38] ,
at the 68%CL and at NLO. To calculate the combined PDF+α s uncertainty we first use the sets 31 and 32 of PDF4LHC15 nlo 30 pdfas to obtain σ We then calculate the 68%CL α s -uncertainty using [39] 
that is eventually combined in quadrature with ∆ PDF σ to obtain the final 68%CL PDF+α s uncertainty,
The results for the PDF and PDF+α s uncertainties are displayed in Fig. 12 . The PDF uncertainties are of order ±2% in all channels at the 13/14 TeV LHC. In the case of HW + W − production this uncertainty is also nearly the same at the FCC-hh at 100 TeV, while it reduces to ±1.5% in the HW ± Z channels and stays at the same level in the HZZ channel. The effect of the additional α s uncertainty is negligible at low energies and increases the PDF uncertainty by ∼ 0.5% at higher energies in all channels.
C. Total Uncertainty in the Three Channels
We can now present the final results including the total theoretical uncertainty in the different channels. We add linearly the scale and PDF+α s uncertainty following the LHC Higgs Cross Section Working Group [50] and do not include the parametric uncertainties due to the experimental errors on the input weak boson masses as they are found to be negligible. The end result is displayed in Fig. 13 and detailed in Tables I, II and III which also includes the individuals numbers for the scale, PDF and PDF+α s uncertainties. The total uncertainties are small in the whole c.m. energy range, being ∼ ±4% at 13/14 TeV for the HW + W − and HZZ channels, and slightly more for the HW ± Z channel with ∼ +6%/ − 5%. At the FCC-hh at 100 TeV the total uncertainties increase slightly to ±6%/8% for the various channels.
V. CONCLUSIONS
We have presented in this paper the NLO QCD analysis of the production of a SM Higgs boson in association with a pair of massive weak bosons, at a proton-proton collider starting from LHC energies of 13/14 TeV up to the FCC-hh energy of 100 TeV. We have calculated the QCD corrections in the POWHEG-BOX framework, including an interface to parton shower. This is the first calculation of the NLO QCD corrections for the HZZ channel and this is the first presentation of parton-shower effects for the three processes HW + W − , HW ± Z and HZZ. We have found that the QCD corrections are significant and lead to an increase of the HW ± Z cross sections by ∼ +43% at LHC energies and ∼ +55% at the FCC-hh at 100 TeV when using the invariant mass of the three massive final-state particles as a central scale, similar to what has been observed earlier in the literature. The increase is more moderate in the case of the HW + W − cross section with a ∼ +27% over the whole c.m. energy range and even more reduced in the case of the HZZ cross section where the increase is ∼ +23% at 13 TeV and down to ∼ +17% at 100 TeV. In order to have meaningful results these QCD corrections have to be included in any phenomenological analysis. In Section III we have studied the differential distributions, focusing in particular on the M V V , the p T,H and the p T,j distributions where V, V stand for the various weak bosons considered. The K-factors are nearly flat in many of the distributions with only a very mild linear increase, with the notable exception of the Higgs p T distribution in the HW ± Z channel where it rises from ∼ 1.3 up to ∼ 2 at p T,H = 250 GeV. The shapes are not different when going from 14 TeV to 100 TeV. The parton shower effects are very small except in the case of the jet p T distribution where they correct the bad behavior of the fixed-order calculation at low p T , as expected. In Section IV we have presented the numerical results for the total cross sections including the theoretical uncertainties affecting the predictions. It has been found that the global hierarchy between the three channels, HW + W − , HW + Z +HW − Z and HZZ is similar to that of weak boson pair production, albeit with a small change when considering the HW + Z and HW − Z channels separately; in the latter case HZZ dominates over HW − Z at lower c.m. energies while the ZZ cross section is always smaller than the W − Z cross section. The ratio is 4:2:1 for HW W : HW Z : HZZ. The parametric errors on the input W and Z boson masses are found to be negligible in all channels at all c.m. energies. Using the 2015 PDF4LHC Recommendation we have calculated the PDF+α s uncertainty that has been combined with the scale uncertainty and the final theoretical uncertainty is found to be small, no more than ∼ ±7% at 100 TeV and less that ∼ ±5% at 13/14 TeV. A public release of the code in the POWHEG-BOX is expected in the near future so that the community can use the three presented processes in the study of the Higgs gauge couplings.
